In characteristic two, it is shown that a central simple algebra of degree equal to a power of two with anisotropic orthogonal involution is totally decomposable, if it becomes either anisotropic or metabolic over all extensions of the ground field. A similar result is obtained for the case where this algebra with involution is Brauer-equivalent to a quaternion algebra and it becomes adjoint to a bilinear Pfister form over all splitting fields of the algebra.
Introduction
An algebra with involution (A, σ) is called totally decomposable if it decomposes as a tensor product of quaternion algebras with involution. Every split totally decomposable algebra with involution is adjoint to a bilinear Pfister form. This is known as the Pfister Factor Conjecture, formulated by D. B. Shapiro [17] and proved by K. J. Becher [2] (see [14] for a proof in characteristic two). A more general conjecture was stated in [1] as follows: for an algebra with involution (A, σ) of degree 2 n over a field F of characteristic not two the following statements are equivalent: (1) (A, σ) is totally decomposable. (2) For every splitting field K of A, (A, σ) K is adjoint to a Pfister form. (3) For every field extension K/F , (A, σ) K is either anisotropic or hyperbolic. The implications (1) ⇒ (2) and (1) ⇒ (3) and the equivalence (2) ⇔ (3) are already proved in the literature (see [2, Theorem 1] , [11, (1.1) ] and [4, (3. 2)]). However, the implication (2) ⇒ (1) or (3) ⇒ (1) is still open in general and is solved only for certain special cases (see for example [1, (2.10) 
] and [2, Theorem 2]).
A similar conjecture may be considered for orthogonal involutions in characteristic two. Since an orthogonal involution in characteristic two can not be hyperbolic, one may replace the hyperbolicity condition with the metabolicity. Also, using [7, (5.5) ] one can find a metabolic bilinear form b of dimension 2 n over a field F which is not similar to any Pfister form. This can be used to show that the implication (3) ⇒ (2) is not true in characteristic two. However, by [13, (5.5) ] an anisotropic symmetric bilinear form of dimension 2 n over F , which is either anisotropic or metabolic over all extensions of F , is similar to a Pfister form. Considering this result a conjecture may be formulated as follows (see [7] ): Conjecture 1.1. Let (A, σ) be a central simple algebra of degree 2 n with orthogonal involution over a field F of characteristic two. If σ is anisotropic, then the following statements are equivalent.
(1) (A, σ) is totally decomposable.
(2) For every splitting field K of A, (A, σ) K is adjoint to bilinear Pfister form.
(3) For every field extension L/F , (A, σ) L is either anisotropic or metabolic.
The implication (1) ⇒ (2) follows from [14, (3.6) ] and (1) ⇒ (3) was proved in [7, (6.2) ]. The aim of this work is to study some other implications of this conjecture. First, we prove Conjecture 1.1 for the case where A is Brauerequivalent to a quaternion algebra. This result is an analogue of [2, Theorem 2], stated in characteristic different from 2. We then prove the implication (3) ⇒ (1) (for arbitrary A) in Theorem 4.8. We finally consider this conjecture for direct involutions defined in [5] as follows: an involution σ on A is called direct if σ(a)a ∈ Alt(A, σ) implies that a = 0 for a ∈ A. It is clear that every direct involution is anisotropic. According to [7, (6.1) ], the converse is also true for totally decomposable orthogonal involutions in characteristic two. Our last result shows that Conjecture 1.1 is true in the case where σ is direct (see Theorem 4.6).
Preliminaries
Throughout this work, F denote a field of characteristic 2.
Let A be a finite-dimensional central simple algebra over F . The square root of dim F A is called the degree of A and is denoted by deg F A. If B is a subalgebra of A, the centralizer of B in A is denoted by C A (B). According to the Wedderburn's theorem, A is isomorphic to the matrix algebra M n (D) for some division F -algebra D. The algebra D is called the division algebra component of A. Also, the integer n is called the co-index of A and is denoted by i(A). In other words, i(A) = deg F A ind A , where ind A is the Schur index of A. A quaternion algebra over F is a central simple F -algebra of degree 2. Every quaternion algebra has a basis (1, u, v, w) , called a quaternion basis, satisfying u 2 + u ∈ F , v 2 ∈ F × and w = uv = vu + v (see [12, p. 25] ). By an involution on A we mean an antiautomorphism of A of order 2. An involution is said to be of the first kind, if it leaves F elementwise invariant. Involutions of the first kind are either symplectic or orthogonal (see [12, (2.5)] ). An involution σ on A is called isotropic if σ(a)a = 0 for some nonzero element a ∈ A. Otherwise, σ is called anisotropic. We say that σ is metabolic if there exists an idempotent e ∈ A such that σ(e)e = 0 and dim
Metabolic involutions were introduced first in [3] .
If (A, σ) is an algebra with involution over F and K/F is a field extension, we denote (A, σ) ⊗ F (K, id) by (A, σ) K . We also use the notation Alt(A, σ) = {x − σ(x) | x ∈ A}. If σ is orthogonal and A is of even degree, the discriminant of σ is defined as disc σ = Nrd A (x)F × /F ×2 , where x ∈ Alt(A, σ) is a unit and Nrd A (x) is the reduced norm of x in A. Finally, for a symmetric bilinear space (V, b) over F , the pair (End F (V ), σ b ) is denoted by Ad(b), where σ b is the adjoint involution of End F (V ) with respect to b (see [12, p. 2] ).
Split factors
Lemma 3.1. Let K/F be a finite field extension satisfying K 2 ⊆ F and let (Q, σ) be a quaternion algebra with orthogonal involution over K. If v 2 ∈ F × for some v ∈ Alt(Q, σ), then there exists a quaternion F -subalgebra Q 0 of Q such that σ(Q 0 ) = Q 0 . In addition, if Q splits, then Q 0 can be chosen to be split.
Proof. The first statement follows from [15, (6.1) ]. To prove the second one [12, (7.3 (3) ) and (7.4)]. The result therefore follows from the isomorphism
Definition 3.2. Let (A, σ) be a totally decomposable algebra with involution over F . We say that (A, σ) has a decomposition with s split factors if there Let (A, σ) ≃ n i=1 (Q i , σ i ) be a totally decomposable algebra with orthogonal involution over F . As observed in [15] , there exists a unique, up to isomorphism, subalgebra Φ(A, σ) ⊆ F + Alt(A, σ) of dimension 2 n such that (i) C A (Φ(A, σ)) = Φ(A, σ); (ii) Φ(A, σ) is generated, as an F -algebra, by n elements; and (iii) x 2 ∈ F for every x ∈ Φ(A, σ) (see [15, (4.6) , (5.10) and
Proposition 3.4. Let (A, σ) be a totally decomposable algebra with orthogonal involution over F and let i(A) = 2 s for some nonnegative integer s. Then (A, σ) has a decomposition with s split factors if and only if Φ(A, σ) has a subfield L containing F with [L : F ] = 2 n−s which splits A.
Conversely, suppose that there exists a subfield
n−s which splits A. If s = n (i.e., A splits and L = F ), the result follows from [14, (3.6) ]. Suppose that s < n, so L = F . We use induction on n. The case n = 1 is evident, hence let n 2. Since A L splits, we have i( 
n−s−1 and deg K B = 2 n−1 . Thus, by induction hypothesis, (B, σ| B ) has a decomposition with s split factors. Let
be such a decomposition into quaternion K-algebras with involution for which
is a quaternion F -algebra with involution and
Thus, (A, σ) has a decomposition with s split factors, proving the result.
Lemma 3.5. Let K/F be a finite field extension with K 2 ⊆ F and let Q be a quaternion algebra over F . If Q K splits, then there exists x ∈ Q \ F such that
Proof. Let (1, u, v, w) be a quaternion basis of Q. Set a = u 2 + u ∈ F and b = v 2 ∈ F × . Since Q K splits, by [9, (98.14) (5)], b is a norm in the quadratić etale extension
2 ∈ K 2 and we are done. Suppose that d = 0. Set e := cd −1 ∈ K and x = ev + w ∈ Q \ F . Then b = d 2 (e 2 + e + a) and
Corollary 3.6. Let (A, σ) be a totally decomposable algebra of degree 2 n with orthogonal involution over F . If i(A) = 2 n−1 , then (A, σ) has a decomposition with n − 1 split factors.
Proof. Let L be a maximal subfield of Φ(A, σ) containing F . Since i(A) = 2 n−1 , the division algebra component D of A is a quaternion algebra. By [15, (5 
Orthogonal Pfister involutins
Let (A, σ) ≃ n i=1 (Q i , σ i ) be a totally decomposable algebra with orthogonal involution over F and let α i ∈ F × be a representative of the class disc σ i ∈ F × /F ×2 , i = 1, · · · , n. By [7, (7. 3)], the bilinear Pfister form α 1 , · · · , α n is independent of the decomposition of (A, σ). As in [7] , we denote this form by Pf (A, σ) .
The next result follows from [15, (4.6 (iii) ), (5.5) and (5.6)].
Lemma 4.1. Let (A, σ) be a totally decomposable algebra with orthogonal involution over
Proposition 4.2. Let (A, σ) be a central simple algebra of degree 2 n with anisotropic orthogonal involution over F and let K/F be a separable quadratic extension. Then (A, σ) is totally decomposable if and only if (A, σ) K is totally decomposable.
Proof. Suppose that (A, σ) K is totally decomposable. By [16, (6.7) ], there exists a symmetric bilinear form b over F such that Pf((A, σ) K ) ≃ b K . Since b K is a Pfister form, the form b is similar to a Pfister form c over F by [7, (3. 3)]. Hence, c K is similar to Pf(A, σ). As c K represents 1, we get c K ≃ Pf(A, σ) (see [7, (2.4 
)]). Write
If σ K is isotropic, then it is metabolic by [7, (6. 2)], which contradicts [6, (5.6)]. Thus, σ K is anisotropic. Since (A, σ) K is totally decomposable, [7, (6.1) ] implies that σ K is direct. By (1) we have
Hence,
is an F -algebra of dimension 2 n , C A (S) = S and x 2 ∈ F for every x ∈ S. Hence, (A, σ) is totally decomposable by [15, (4.6) ], proving the 'if' implication. The converse is trivial.
The next result gives a solution to Conjecture 1.1 for the case where A is Brauer-equivalent to a quaternion algebra. n with anisotropic orthogonal involution. If A is Brauerequivalent to a quaternion algebra Q over F , then the following statements are equivalent.
(1) (A, σ) is totally decomposable. (4) ⇒ (1) it is enough to show that (A, σ) K is totally decomposable. This is clear if the condition (2) is satisfied. Otherwise, (A, σ) K is totally decomposable by [7, (8.3) ].
The following result is the analogue of Merkurjev's theorem in characteristic two, which was proved by O. Teichmüller (see [10, (9.1.4 
)]).
Theorem 4.4. Every central simple F -algebra of exponent 2 is Brauer-equivalent to a tensor product of quaternion algebras.
Remark 4.5. Let A be a central simple algebra of exponent two over F . Then there exists a chain K 0 ⊆ K 1 ⊆ · · · ⊆ K m of fields with K 0 = F such that K m splits A and every K i /K i−1 is a quadratic separable extension. Indeed, by Theorem 4.4, A is Brauer equivalent to a tensor product of quaternion Falgebras n i=1 Q i . Hence, the required chain can be constructed inductively as follows: set K 0 = F and suppose that K j is constructed. If K j splits all Q i , then it splits A and we are done. Otherwise, let r be the minimal index for which K j does not split Q r . Then Q r ⊗ F K j is a quaternion division K j -algebra and K j+1 ֒→ Q r ⊗ F K j can be chosen as any quadratic separable extension of K j .
We are now ready to prove the implication (3) ⇒ (1) in conjecture 1.1. Theorem 4.6. For a central simple algebra of degree 2 n with anisotropic orthogonal involution (A, σ) over F , the following statements are equivalent.
(2) For every field extension K/F , (A, σ) K is either anisotropic or metabolic.
Proof. The implication (1) ⇒ (2) follows from [7, (6.2) ]. To prove the converse, observe that by [12, (3.1) ], the exponent of A is at most 2. Hence, by Remark 4.5 there exists a chain F ⊆ K 1 ⊆ · · · ⊆ K m of fields such that every K i /K i−1 is a quadratic separable extension and K m splits A. By [7, (8. 3)], the pair (A, σ) Km is totally decomposable. We claim that (A, σ) Ki is anisotropic for i = 1, · · · , m. Suppose the contrary; let r 1 be the minimal index for which (A, σ) Kr is isotropic. The assumption implies that (A, σ) Kr is metabolic. Hence, (A, σ) Kr−1 is isotropic by [7, (5.6) ], contradicting the minimality of r. The claim is therefore proved. By Proposition 4.2 and induction on m, the pair (A, σ) is totally decomposable.
Remark 4.7. Let (A, σ) be a central simple F -algebra of degree 2 n with anisotropic orthogonal involution. Suppose that for all field extensions K/F , (A, σ) K is either anisotropic or metabolic. In [7, (8. We conclude by proving Conjecture 1.1 for direct involutions.
Theorem 4.8. Let (A, σ) be a central simple F -algebra of degree 2 n with orthogonal involution. If σ is direct, then the following statements are equivalent.
(2) If K is a splitting field of A, then (A, σ) K is adjoint to bilinear Pfister form.
Proof. Since σ is direct, it is anisotropic. Hence, the implications (1) ⇒ (2), (1) ⇒ (3) and (3) ⇒ (1) follow from [14, (3.6) ], [7, (6. 2)] and Theorem 4.6. To prove (2) ⇒ (1) we proceed similar to the proof of Theorem 4.6. Using Remark 4.5, one can choose a chain F ⊆ K 1 ⊆ · · · ⊆ K m of fields such that every K i /K i−1 is a quadratic separable extension and K m splits A. By [5, (9.1)] (and induction on m), (A, σ) Ki is anisotropic for i = 1, · · · , m. Since (A, σ) Km is totally decomposable by [7, (8. 3)], the conclusion follows from Proposition 4.2 and induction on m.
